
ABSTRACT

heoretically, tax generates the state budget revenue Twhich serves as a tool for regulating the economy 
(Nguyen, 2019). Therefore, the need to formulate 

better policies from tax-economy relationship requires that 
econometricians have a good knowledge of models selection 
processes for macroeconomic variables such as Gross 
Domestic Product (GDP) and tax variables. Moreover, the 
choice of model(s) for investigating the nexus between tax 
and economic growth relies mostly on the choice of GDP and 
order of integrations of the tax variables involved in a study. 
Different form of GDPs such as GDP Per Capita, GDP 
current, GDP, Real GDP (RGDP), etc. can be used to proxy 
for economic growth depending on the objectives of the 
study. In most cases, data sets on GDP are differenced 

INTRODUCTION

In practice, virtually all form of Gross Domestic Products are usually difference stationary 
series of order one {I(1)} except Real GDP which is often difference stationary series of order 
two {I(2)}.Since no Traditional Time Series Models (TTSM) cannot adequately capture the 
dynamics of an I(2) variable in a multivariable time series settings, the system equation 
techniques(single or system estimators) such as the Indirect Least Squares (ILS), Two-Stage 
Least Squares (2SLS), Three-Stage Least Squares (3SLS)Seemingly Unrelated Regression 
(SUR) and Full Information Maximum Likelihood (FIML) estimators are desirable. 
However, comparison among these estimators using suitable selection criteria in order to 
determine the best estimator(s) for estimating the regression coefficients in the formulated 
model is crucial. To demonstrate this assertion empirically, this study therefore apply a 
Simultaneous Equation Model (SEM) to examine the Tax-Real GDP relationship under mixed 
order of integrations such as I(2) and I(1)s. Results from unit root tests established that Real 
GDP (Ly )is I(2)while Company Income Tax (Ly  ), Petroleum Profit Tax (Ly ), Personal 1t 2t 3t 

Income Tax (Lx ) and Value Added Tax (Lx  ) are all I(1). Endogeneity tests carried out on the 1t 2t

series further confirmed that there is no two-way causation among the three endogenous 
variables (i.e.  Ly  , Ly and Ly  ) in the model. The findings show that despite the absence of 1t 2t  3t

simultaneity in the model, the Ordinary Least Squares (OLS) and Two-Stage Least Squares 
(2SLS) estimators though produced identical estimates which are spurious. The Three Stage 
Least Squares (3SLS) outperformed the Seemingly Unrelated Regression (SUR) reported the 
least values of the standard errors of the regression parameters. Projections using the 3SLS 
estimates further revealed that for every one percent increase in Lx  , Lx  and Lx ), Ly  is 1t 2t (t-1 1t

expected to increase by 14.4%, 11.6% and 6.93% respectively.
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stationary series of order one {I(1)} except that of RGDP 
which is often of order two {I(2)}.Gross Domestic Product 
measures the monetary value of final goods and services 
produced in a country in a given period of time which can 
either be quarterly or yearly (International Monetary Fund, 
2022). Like other macroeconomic variables, tax variables 
which include Company Income Tax (CIT), Petroleum Profit 
Tax (PPT), Personal Income Tax (PIT) and Value Added Tax 
(VAT) are expected to have some order of integrations (ds) 
such that each d can assume any of the possible values 0, 1 
and 2. Often times, the choice of unit root tests options such 
as whether to conduct the tests with drift only, with drift and 
trend, or none (i.e. no drift and no trend) is not a problem but 
consistency throughout the series at hand is required. To 
prevent these problems, researchers need to check the 
significance of drift, drift plus trend or none when subjecting 
time series to unit root analyses before proceeding to further 
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analyses. Also, lack of understanding of the gimmicks for 
combining time series variables with order of integrations 
such as I(0) only, I(1) only or I(0) and I(1) can as well lead to 
model misspecification or wrong choice of model. 

The application of Traditional Time Series Models (TTSM) 
to time series variables in a study requires that the series are 
all completely level stationary series {I(0)}, all completely 
I(1) or mixtures of I(0) and I(1) (see Sims, 1980; Johansen & 
Juselius, 1990; Toda & Yamamoto, 1995; Pesaran et al., 
2001; Gujarati & Porter, 2009).

Review of Literature

A number of researchers have investigated the tax-economic 
growth relationship under mixed order of integrations. For 
instance, Afolayan and Okoli (2015) used the Error 
Correction Model (ECM) and Granger causality tests to 
examine the impact of Value Added Tax (VAT) on Nigerian 
economic growth. The research findings from ECM revealed 
that there exists no long run relationship between real GDP 
and any of VAT, CIT, Custom and Exercise Duties (CED) and 
PPT. Further findings from the study using causality tests 
showed that though a positive and insignificant correlation 
exists between Value Added Tax (VAT) revenue and real GDP 
but there exists a unidirectional relationship which runs from 
real GDP to VAT revenue. The study concluded that :(i) VAT 
and CED have positive correlation with real GDP (ii) of all 
the variables, only PPT and CIT have significant impact on 
real GDP. 

Bernard et al. (2018) applied standard Vector Autoregressive 
(VAR) model to examine the effects of British Columbia's 
carbon tax on GDP. The research concluded that carbon taxes 
do not significantly affect GDP change in the province of 
British Columbia. Moreover, theory of Arthur Laffer 
techniques adopted by Dracea et al. (2009) indicated the 
existence of a correlation between the real GDP and the real 
tax incomes in Turkey (progressive tax system) as compared 
to Romania (flat tax system).Akinkunmi(2016)used Vector 
Error Correction Model (VECM) to show that there is a 
significant relationship between real GDP and real company 
income tax revenues in the long run. The research findings 
also show that the one-year lag of tax revenue varieties poses 
a significant influence on the various sources of tax revenues. 

Lawler and Al-Sayegh (2019) employed the General Least 
Square (GLS) method of estimation to show that the impact 
of changes in tax revenues on changes in the GDP of Kuwait 
is insignificant. Mannan et al. (2022) applied Panel 
Autoregressive Distributed-Lag (ARDL) model and Wald 
tests to examine the impacts of economic and financial 
factors on tax revenue for South Asia. The study established 
that financial variables impact tax revenue, GDP per capita 
has a long-run positive relationship with tax revenue and per 
capita income relates negatively in the short run. Cebula and 
Foley (2012) examined the effects of economic freedom, 
regulatory quality and taxation on the growth rate of per 
capita real GDP for some Organization for Economic and 
Development (OECD) nations using the Partial Least 
Squares (PLS) estimation techniques. The research findings 
revealed that higher levels of economic freedom in an 
economy promote a higher growth rate of economic activity 
and hence yield a higher growth rate of per capita real GDP in 

that economy.  The study also discovered that higher quality 
government regulation leads to a more efficient economic 
system, in large part by interfering less with market 
functioning and in part by not adding unnecessarily to the 
cost of conducting business in the marketplace, and thereby 
leads to a higher per capita real GDP growth rate. 
Furthermore, the study showed that the higher the taxation 
level/burden relative to GDP in an economy, the lower the 
growth rate of private sector spending and hence the lower 
the growth rate of per capita real GDP in that economy. 

Meanwhile, Branson and Lovell (2001) utilized a linear 
programming model to estimate a combination of the tax 
burden and the tax mix which could maximize the rate of 
growth of real GDP. The study found that moving to such a 
tax structure would generate nearly a 17% increase in real 
GDP while this increase would yield a 6% reduction in tax 
revenue to the Treasury, delivering a 27% increase in 
purchasing power to the remainder of the economy. De Mooij 
and Nicodème (2008) investigated corporate tax policy and 
incorporation in the European Union (EU) using a panel of 
European data on legal form of business to analyze income 
shifting via incorporation. The study discovered that the 
revenue effects of lower corporate tax rates possibly induced 
by tax competition will partly show up in lower personal tax 
revenues rather than lower corporate tax revenues. Through 
Romer's (1986) one-sector representative agent model of 
endogenous growth analysis conducted by Chen (2020), it 
was found that US income inequality significantly 
deteriorates since the mid-1980s. The research findings also 
revealed that the inequality-growth nexus displays a positive 
slope before and after the implementation of the Tax Reform 
Act of 1986 (TRA-86). The study concluded that the slope of 
the inequality-growth nexus sharply declines between the 
pre- and post-TRA-86-reform periods, indicating less 
deterioration in real GDP per capita growth when pursuing a 
more equal income distribution after 1986.Findings from 
Ordinary Least Squares (OLS) techniques in the study of 
Nguyen (2019)revealed that tax has a positive impact on 
Vietnam's economic growth. The study reported that the 
indirect tax has a positive influence and promote Vietnam's 
economic growth, while the impact of the direct tax is 
invisible.

Following a Vector Error Correction Model (VECM) that 
was applied to some quarterly time series data during the 
period of 2002 Q1 to 2017 Q3,Taghizadeh�Hesary et al. 
(2020) though found that increase in money stock (m1) 
through Quantitative Easing (QE) and Quantitative and 
Qualitative Easing (QQE) policies of the Bank of Japan 
(BOJ) significantly increases the income inequality but the 
Japanese tax policy was effective in reducing the income 
inequality. Olusegun (2021) applied Error Correction Model 
(ECM) and Pair wise Granger Causality(PGC) techniques to 
study the determinants and sustainability of manufacturing 
sector performance in Nigeria. The study reported that 
increase in consumption tax, real exchange rate and 
liberation of the economy were the determinants of 
manufacturing sector performance while appreciation of 
Nigeria's currency and increase in tax rate with proportional 
improvement in infrastructural facilities are needed to sustain 
it. Basirat et al., (2014) employed the Autoregressive 
Distributed Lag (ARDL) model to show that exchange rate, 
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import, and the value-added of industry sector had a positive 
significant relationship with total tax revenues.

Turyanskyy et al. (2020) through the use of systematic and 
institutional methods found that the total tax burden on 
business in Ukraine reaches 41.5% of corporate profits, 
which exceeds similar indicators in most European countries. 
In a study, Habeeb (2022) utilized simple linear regression 
model approach to show that tax revenues significantly 
contribute to the overall growth expansion in the Iraqi 
economy. Sethi et al. (2020) explored the Cointegration and 
Rolling-Window Causality techniques to establish that a 
stable long-run parameter stability relationship exists 
between the series on tax reform, but growth-led taxation 
effects and tax-led-growth do not exist in India.

In a study conducted by Bernard and Kichian (2021) 
examined the impact of a revenue-neutral carbon tax on GDP 
dynamics in British Columbia using a time series approach. 
The study concluded that implementing revenue-neutral 
carbon taxation contributes to lowering harmful greenhouse 
gases into the atmosphere without hurting the economy. 
Ihalanayake (2012) studied the economic effects of tourism 
tax changes in Australia using computable general 
equilibrium model. The research findings established that tax 
changes are contractionary, as reflected in real consumption 
and GDP. Blanchard and Perotti (2002) investigated the 
impact of shocks to total tax revenues using an Structural 
Vector Autoregressive (SVAR) estimator. The study 
observed that an impact multiplier of 0.69 and a peak 
multiplier of 0.78 in quarterly data on US for the sampled 
period from 1947 to 1997. Mertens and Ravn (2013) 
developed an estimator in the Structural Vector 
Autoregressive (SVAR) framework to show that short run 
output effects of tax shocks are large and that it is important to 
distinguish between different types of taxes when 
considering their impact on the labor market and on 
expenditure components.

From this empirical review of related studies, it is observed 
that some of studies erroneously analyzed the tax-real GDP 
relationship under mixed order of integrations such as I(1)s 
and I(2)s using either the Traditional Time Series Models 
(TTSM) or regression techniques.To capture the tax-real 
GDP dynamics under such mixed order of integrations, this 
study employed the techniques of Simultaneous Equation 
Model (SEM) to model multivariate time series data on 
Nigerian real GDP and some forms of taxes. This approach as 
reported by Gujarati and Porter (2009) is not perturbed by 
orders of integration. 

3.  Model comparative analysis

For easy representation, the Real Gross Domestic Product 
(RGDP), Company Income Tax (CIT), Petroleum Profit Tax 
(PPT), Personal Income Tax (PIT) and Value Added Tax 
(VAT) are denoted with                          respectively. The 
time series variables were subjected to unit root analyses to 
determine the inherent order of integration of each series. 
Carrying out these tests is germane in order to formulate the 
necessary models for the data.

3.1  Model Specification

The formulated system of Simultaneous Equation Model 
(SEM) for the study is stated as equations (1), (2) and (3): 

Where: y , y  and y  represent current endogenous variables, 1t 2t 3t

x , x  and x  represent the predetermined variables, u , u  1t 2t (t-1) 1t 2t

and u  represent disturbance terms which are well-behaved 3t

multivariate normal distribution u~NID(0,�), β , β , β , β , 10 20 30 21

β ,γ , γ  and γ  represent the structural parameters of the 31 11 12 13

simultaneous equation model which shall be estimated 
accordingly.

3.2 Model identification
Here, each equation embedded in the three-equation model 
was subjected to order and rank conditions of identification. 
The former, which is a necessary condition of identification 
identifies if an equation in the system is exactly identified, 
over identified or under-identified. If an equation is exactly 
identified, then Indirect Least Squares (ILS) estimator is 
appropriate for estimating the structural parameters of the 
model (see, López-Espín et al., 2012).However, if an 
equation is over identified, then its parameters can be 
appropriately estimated using the Two-Stage Least Squares 
(2SLS) estimator (see, López-Espín et al., 2012).The order 
condition of identification is determined for each equation in 
the three-equation model using the mathematical relation 
specified as equation (4): 

If K-M�G-1    (4)

Where: G = Total number of equations (total number of 
endogenous variables), 

K = Total number of variables in the model.
M = Number of variables in a particular equation.

According to Gujarati and Porter (2009), ILS and 2SLS 
estimators are usually the best for estimating the structural 
parameters of both exactly identified and over-identified 
equations respectively. However, none of the estimators are 
suitable for estimating the coefficients of an under-identified 
equation in a system of equation. 

On the other hand, the sufficient condition of identification 
tells us if the system is estimable or not. 

The system is estimable if all the embedded equations are 
estimable. Otherwise, the system is not estimable. To 
determine the rank condition of identification for each 
equation in the system, equations 1 to 3 are re-stated as 
equations 5 to 7 as follows: 

y ,y ,y ,x  and x1 2 3 1 2

y  -β - γ  x - γ  x - γ  x = u                        (5)1t 10 11 2t 12 3t 13 (t-1) 1t

y  - β  - β  y  = u (6)2t 20 21 1t 2t                                                                                      

   y - β  - β  y = u                                              (7)3t 30 31 1t 3t
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following hypotheses were formulated with respect to the 
two equations
H01:There is no correlation between y  and u {i.e. 1t 2t

Corr(y ,u )�0}1t 2t

H02: There is no correlation between y  and u {i.e. Corr(y , 1t 3t 1t

u )�0}3t

The test statistic is given by

Reject the null hypothesis if the calculated value of t of v  and t

v  in equations (14) and (15)is statistically significant. 4t

Otherwise, we do not reject the null hypothesis.

If the null hypothesis of no endogeneity, we employed single-
equation estimators. Otherwise, we employ system 
estimators will be employed. Otherwise, system estimators 
will be utilized. 

There are basically two steps is carrying out Hausman's test. 
These steps are:

Step 1: The possible correlation between y , y  and y will be 1t 2t 3t

checked by regressing y  on x , x  and x  using the reduced-1t 1t 2t (t-1)

form equation (8)

Where: v  are the residuals of the Ordinary Least Squares 1t

(OLS) estimator from equation (11). The estimated version 
of equation (11) is specified as equation (12)

Where: y  is an estimate of the mean value of y  conditional 1t 1t

upon the fixed x , x  and x  predetermined variables. Now 1t 2t (t-1)

substituting equation (12) into equation (11) yields

y = y  + v      (13)1t 1t 1t

Step 2: Substitution of equation (13) into equation (2) will 
be done to yield equation (14)

      14

Also, equation (13) will be substituted in equation (3) to 
produce equation (15)

      15

3.2.1  Rank condition for equation (1)

Equation (1) excludes only two variables y  and y . For this 1t 3t

equation to be identified, at least one non-zero determinant of 
order 2-by-2 must be obtained from the coefficients of the 
variables excluded from equation (1) but included in 
equations (2) and (3). Otherwise, the equation is not 
identified by the rank condition. 

3.2.2  Rank condition for equation (2)

In equation (2), four variables y , x , x  and x  are excluded 3t 1t 2t (t-1)

from the equation. This equation is identified if and only if at 
least one non-zero determinant of order 2-by-2 is formed 
from the coefficients of the variables excluded from equation 
(2) but included in equations (1) and (3). Otherwise, the 
equation (2) is not identified by the rank condition. 

3.2.3  Rank condition for equation (3)

In the same vein, equation (3) excludes y , x , x  and x . The 2t 1t 2t (t-1)

equation is identified if and only if at least one non-zero 
determinant of order 2-by-2 is obtained from the coefficients 
of the variables excluded from equation (3) but included in 
equations (1) and (2). Otherwise, the equation (3) is not 
identified by the rank condition. 

3.3 The reduced-form equations

Here, the assumed endogenous variables y , y , and y  are 1t 2t 3t

expressed in terms of the predetermined variables for each 
equation. For instance, equation (1) contains only 
predetermined variables on its right-hand side and its 
reduced-form equation is given by

y  = π  + π  x  + π  x + π  x  + v   (8)1t 10 11 1t 12 2t 13 (t-1) it

Where π  = β , π  = γ , π  = γ , π  = γ  and v = u10 10 11 11 12 12 13 13 it it

Since equation (2) contains an endogenous variable y  on its 1t

right-hand side, its reduced-form equation is derived by 
substituting equation (1) into equation (2) as follows:

3.4 Hausman specification test for over identified 
equations (2) and (3)  

In this section, the existence of endogeneity problem was 
investigated in the over identified equations (2) and (3) using 
the Hausman (1978) specification tests. The three-equation 
model was formulated in such a way that y  appeared on the 1t

right-hand side of equations (2) and (3) as regress ands after 
having appeared as a regressor in equation (1). As a 
result,y_1t is assumed to be endogenous. To check the 
existence of endogeneity in equations (2) and (3), the 

 ̂
 ̂

 ̂

 ̂

 ̂ ̂
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4.  Data Analysis and Results
This section presents the results and interpretations of the 
variables used in the study.

Figure 1: Time plots of Logarithmic Transformations of Real 
GDP (Ly1), Personal Income Tax (Ly2), Petroleum Profit Tax 
(Ly3), Company Income Tax (Lx2) Value Added Tax (Lx3) 
from 1985 to 2020.

Visual inspection of the time series plots in Figure 1 revealed 
that all the logged series exhibited upward trends with 
fluctuations which is an indication of non-stationarity in all 
the series. As a result, these series are expected to be 
difference stationary series of certain order of integration 
respectively. 

Table 1 has the reports of the unit root analyses conducted on 
the series. The unit root test results confirmed that only the 
Real GDP (Ly1) is difference stationary series of order two 
{I(2)} whereas Personal Income Tax (Ly2), Petroleum Profit 
Tax (Ly3), Company Income Tax (Lx2) and Value Added Tax 
(Lx3) were confirmed to be difference stationary series of 
order one {I(1)}.Both ADF and PP tests carried out at 5% 
level of significance agree that all the series are of order one 
except real GDP which is of order 2. 

Summary of results of order condition of identification 
presented in Table 2 shows that equation (1) is exactly 
identified while equations (2) and (3) are over identified 
respectively.

Table 3: Matrix table for rank conditions of identification for 
equations (1), (2) and (3)

Rank condition for equation (1)

Since one non-zero determinant of order 2-by-2 is formed 
from the coefficients of the variables excluded from equation 
(1) but included in equations (2) and (3), equation (1) is 
identified by the rank condition.

Rank condition for equation (2)

Equation (2) is also identified by the rank condition of 
identification since at least one non-zero determinant of order 
2-by-2 is formed from the coefficients of the variables 
excluded from equation (2) but included in equations (1) and 
(3).

Rank condition for equation (3)

Lastly, equation (3) is identified by the rank condition of 
identification since at least one non-zero determinant of order 
2-by-2 is obtained from the coefficients of the variables 
excluded from equation (3) but included in equations (1) and 
(2). 
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Table 6 shows that OLS and 2SLS produced identical 
estimates. Though, Real GDP (Ly ), Personal Income Tax 1t

(Ly ) and Petroleum Profit Tax (Ly ) are not endogenous in 2t 3t

nature as confirmed by the simultaneity test but OLS and 
2SLS are not appropriate for estimating the parameters of the 
equation the Durbin-Watson Statistic (DW = 0.644084) is 
considerably less than two which indicates a positive serial 
correlation.

However, only the 3SLS estimator reported the least value of 
the standard error which means that the 3SLS is the best 
estimator at estimating the parameters of the exactly 
identified equation. Besides, the p-values of all the estimated 
regression coefficients in equation (1) are statistically 
significant. Consequently, Lx  and Lx  have positive impact 1t 2t

on Ly  whereas Lx  has negative impact on Ly . 1t (t-1) 1t

Estimated structural equation (1) using single-equation 
estimators: 

OLS: Ly = 9.75251+0.161235 Lx +0.0976158Lx -1t 1t 2t

0.101277 Lx         (16) (t-1)

2SLS: Ly =9.75251+0.161235 Lx +0.0976158Lx -1t 1t 2t

0.101277Lx           (17) (t-1)

2R  = 0.976742, DW= 0.644084 and P-value (F) = 2.16e-25

Table 4 reports the estimates of all the reduced-form 
equations (8), (9) and (10). The reduced-form equation (8) 
were further used to obtain the predicted y ; which was later 1t

used to conduct the endogeneity tests for equations (2) and 
(3).  

Results reported in Table 5 showed that v  is not statistically t

significant since its associated p-value = 0.70039is greater 
than α = 0.05 which means that there is no simultaneity 
between y  and y . Also, from the same Table 5, v  is also not 2t 1t 4t

statistically significant because its p-value = 0.12899 is 
greater than α = 0.05 which also implies that there is no 
simultaneity between y  and y .3t 1t

 ̂

 ̂

 ̂
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Ly2 and Ly3 are not endogenous in nature. 

Results of the exactly identified equation (1) reported in 
Table 5 showed that Three Stage Least Squares (3SLS) 
estimator outperformed the Seemingly Unrelated Regression 
(SUR), OLS and Two Stage Least Squares (2SLS) estimators 
since it yielded the least value of the standard errors.

For the 3SLS estimates reported in Table 6, the regression 
2coefficient R  (= 0.975086) indicated that 97.6% variation in 

Ly  was explained by Lx , Lx  and Lx  respectively. Lastly, 1t 1t 2t (t-1)

the same Table 6 estimates showed that for every one percent 
increase in Personal Income Tax (Lx ) there is an associated 1t

14.4% increase in Real GDP (Ly ). Moreover, for every one 1t

percent increase in Value Added Tax (Lx ) there is an 2t

associated 11.6% increase in Ly_1t and that for one percent 
increase in Lx  there is an associated 6.93% decrease in Ly .(t-1) 1t

6.  Conclusion and Recommendations 

This paper provides evidences that Multiple Linear 
Regression (MLR) and traditional multivariate time series 
models cannot be used to investigate the Tax-Real Gross 
Domestic Product (Ly ) relationship when Ly , Company 1t 1t

Income Tax (Ly ), Petroleum Profit Tax (Ly ), Personal 2t 3t

Income Tax (Lx ) and Value Added Tax (Lx ) under mixed 1t 2t

order of integrations I(2) and I(1)s respectively. Also, 
comparison with 3SLS was made on the ground that it 
combines the SUR and 2SLS estimators for its estimation. 
Thus, the 3SLS estimates the regression coefficients jointly 
efficiently compare to other estimators. Based on the results 
of analysis and summary of findings, though the Ly , Ly  and 1t 2t

Ly  are not endogenous in nature but the single-equation 3t

estimators such as the Ordinary Least Squares (OLS) and 
Two Stage Least Squares (2SLS) were found to be 
inappropriate for investigating the Tax-Real Gross Domestic 
Product (Ly ) relationship in the sense that there estimates 1t

revealed a positive serial correlation. However, the Three 
Stage Least Squares (3SLS) is adjudged the efficient 
estimator for estimating the Nigeria's tax-real GDP 
dynamics. 

Finally, the 3SLS estimates confirmed that for every one 
percent increase in Personal Income Tax (Lx ) there is an 1t

associated 14.4% increase in Real GDP (Ly ), for every one 1t

percent increase in Value Added Tax (Lx ) there is an 2t

associated 11.6% increase in Ly  and that for one percent 1t

increase in Lx  there is an associated 6.93% decrease in Ly .(t-1) 1t
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